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Lattice spin, in planar condensed matter system with emergent Dirac dispersion, is shown to emerge from the
inherent SU(2) symmetry, arising through Schwinger’s angular momentum construction from anti-commuting
Heisenberg operators of the sub-lattices. The presence of a mass term in the emergent Dirac dispersion is
essential for the existence of this spin. The usual hopping term, that entangles the two sub-lattices, leads to
the orbital counterpart. Relative sub-lattice displacements, that couple to the effective Dirac fermions like U(1)
gauge fields, do not effect the lattice spin.
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By construction, Dirac fermions, characterized by the
Hamiltonian,
H = cα · p+ βmc2, (1)
in the momentum space, do not commute with the orbital an-
gular momentum (OAM) operator, L = r × p. This is the
origin of spin angular momentum (SAM) for the relativistic
fermions [1]. The same is true in 2+1 dimensional space-
time, only in the presence of the mass term, as the mass-
less fermions are spin-less in planar physical systems [2], like
graphene [3–5] and topological insulators (TIs) [6, 7]. Mas-
sive fermions have been experimentally realized by induc-
ing sub-lattice density asymmetry in bi-layer graphene under
transverse electric field [8, 9] and in graphene mono-layer,
misaligned with the substrate [10]. The hexagonal structure
of TIs leads to a single Dirac point, with locally inducible
gap through magnetic induction [7, 11–13]. This Hamiltonian
emerges as effective description of the low-energy excitations
[5]. In this regard, aforementioned non-commutativity of the
OAM with the Dirac Hamiltonian, has led to the notion of lat-
tice spin (LS) [14], required to define a conserved total angular
momentum.
It has recently been shown that, though of relativistic ori-
gin, the LS has a physical non-relativistic limit [15]. Fur-
ther, the essential role of the fermion mass in the existence
of LS in gapped graphene is established [14]. However, a
first-principle derivation of the LS in terms of fundamental
electrons of such planar systems is not given yet. This is cru-
cial in order to identify the LS in terms of the spin degrees of
freedom of constituent electrons of the system, which has not
been elaborated-upon before.
Here, we pursue an ab-initio approach, starting from the
generalized hopping Hamiltonian in graphene, to physically
understand the origin of the LS, which commutes with the
Dirac mass. The presence of two sub-lattices naturally leads
to an emergent spin-symmetry, through individual Heisenberg
algebra. It is shown, through a Schwinger construction of
SU(2) algebra, with fundamental creation/annihilation opera-
tors for the sub-lattice electrons, that it is the SAM, not OAM
of the emergent Dirac fermions, which is directly related to
the individual spins of the fundamental electrons in graphitic
systems. The LS is found to be solely arising from the net
spin of the system, represented through the staggered mag-
netization of the system, unrelated to the non-local nearest
neighbor interaction of the fundamental electrons in the tight-
binding model [5] that correlates the electrons from the two
different sub-lattices. This non-local hopping term breaks the
constructed SU(2) symmetry, as the generators are no more
conserved, and is responsible for massless Dirac dispersion in
a hexagonal array. The latter fact is a further indication that
this term is responsible for non-conservation of the SAM, and
induces OAM. The further introduction of a U(1) gauge in-
teraction, owing to the relative sub-lattice displacement [16],
redefines OAM [1] through generalization of linear Dirac mo-
mentum in the sense of covariant derivative. This interaction
term, being localized in coordinate space, cannot effect the
LS.
Parity-breaking massive fermions can be realized in
graphene and on the surface of TIs, through the introduc-
tion of asymmetry between the electron ground energies of
the two sub-lattices. This asymmetry is fundamentally re-
lated with respective difference of spin-densities, as the sub-
lattices have fixed opposite spins [17]. This effectively ex-
tends the usual tight-binding Hamiltonian beyond the hopping
term −t∑〈i,j〉
[
A†iBj + h.c.
]
, the latter usually expressed
modulo the individual sub-lattice ground-state energies, when
they are the same [17]. Including this ground-state contri-
bution, the general expression for the fundamental electronic
Hamiltonian is [14],
H =
∑
i
[
EAA†iAi + EBB†iBi
]
−t
∑
〈i,j〉
[
A†iBj + h.c.
]
, (2)
with EA 6= EB for asymmetric sub-lattice vacuum contribu-
tions, arising through lattice deformations [17]. This directly
leads to non-zero massM = (EA − EB) /2v2F of the emergent
Dirac fermions at low energies, with Fermi velocity vF . The
electron hopping term has strength t, and 〈i, j〉 denote nearest
neighbor sites at two different sub-lattices (A,B). The re-
spective fermionic creation
(
A†, B†
)
and annihilation (A,B)
2operators, anti-commute accordingly, to satisfy the fermionic
Heisenberg algebra [18]:
{Ai, A†j} = δij = {Bi, B†j}, (3)
with all other anti-commutators vanishing. This allows for the
construction of the following Schwinger’s angular momentum
algebra [19],
[S+, S−] = 2Sz, [Sz , S±] = ±S±; where
S+ =
∑
i
A†iBi, S− =
∑
i
B†iAi &
Sz =
1
2
∑
i
[
A†iAi −B†iBi
]
. (4)
Here, i denotes a single lattice site, containing two near-
est neighbor points belonging to different sub-lattices. As
the sub-lattices carry opposite electron spins [17], Sz repre-
sents the ‘net’ spin, or the staggered magnetization (SM) of
graphene electrons, which is the anti-ferromagnetic order pa-
rameter. In the above algebra, the SM plays the role of projec-
tion of the net angular momentum in the diagonal basis. How-
ever, the above can represent the total angular momentum of
the system only when the SM commutes with H . This clearly
is not the case here, in presence of hopping term (t 6= 0),
leading to,
[H,Sz] = t
∑
〈i,j〉
[
A†iBj − h.c.
]
,
[H,S±] = ±2
[
Mv2FS± + tSz
]
. (5)
From the second relation above, the presence of hopping also
prevents the construction of angular momentum degeneracy
in the usual way, through the ‘ladder operators’ S±. Here,
〈S2±〉 = 0, as they anti-commute, which gives rise to a two-
fold degeneracy and thus, represents ‘spin’.
It is to be noted, that the constructed SU(2) algebra com-
prises of local operators, which can be resolved in the product
vector space SA ⊗ SB , belonging to (A,B) sub-lattices. On
the other hand, the hopping term entangles the two sub-spaces,
as it is ‘non-local’, and hence breaks the SU(2) symmetry.
The physical implication of this symmetry breaking is that the
total angular momentum (projection) of the system defined in
Eq. 2 is not completely represented by Sz , and an extension
is required, as is the case for Dirac equation [1]. More im-
portantly, this extension must be independent of fundamental
electronic spin, as the same has already been exhausted by the
SM.
The product vector space of the SU(2) allows for the
following matrix formulation of the generators,
S± =
∑
i
Φ†iσ±Φi and Sz =
1
2
∑
i
Φ†iσzΦi, (6)
where Φ†i =
(
A†i , B
†
i
)
.
This is natural as the Pauli matrices σ±,z represents SU(2)
algebra. In the same representation, the Hamiltonian of Eq. 2
can be expressed as,
H =
∑
〈i,j〉
Φ†iHijΦj , Hij =
(
Mv2F δij −t
−t −Mv2F δij
)
, (7)
where the conventional shifting of EA + EB = 0 has been
adopted [14]. The above equation clearly shows that in the
eigen-basis of Sz , only the local term of the Hamiltonian is di-
agonal, which depicts the mass of the emergent Dirac fermion.
This mass is of parity-breaking nature, which induces topol-
ogy in the interacting gauge field as quantum corrections [20–
24]. From Eqs. 5, the mass term is further necessary for the
SAM degeneracy.
The off-diagonal contribution, responsible for non-
conservation of Sz , should then be responsible for the OAM
of the emergent Dirac fermions. Indeed, in the momentum
(K) space, defined through the Fourier expansion [5],
(A,B)i =
1√
N
∑
j
(α, β)j exp (iRi ·Qj) , (8)
this contribution leads to the linear dispersion in Eq. 1at low
energies [5]. Here,
Ri = mia1 + nia2 and Qj = rjb1 + sjb2;
(m,n, r, s)i ∈ I,
are lattice vectors in coordinate and momentum spaces, re-
spectively, with corresponding bases (a1,2,b1,2). Applying
the expansion of Eq. 8 in Eq. 7, with the standard normaliza-
tion
∑
i exp [iRi · (Qm −Qn)] = Nδmn [5], the momentum
space Hamiltonian matrix can be expressed as,
Hmij = Mv2Fσzδij − t
+∑
s=−
exp (isR ·Q)σ−sδij , (9)
defined in the basis Ψ†i =
(
α†i , β
†
i
)
. Here, R = a1 + a2
is the vector separating two nearest neighbor sites in different
sub-lattices andQ is the K-space vector for the i-th site. This
Hamiltonian satisfies the following commutation relations,
[Hm, Sz] = −t
∑
s=−
s exp (isR ·Q)S−s,
[Hm, S±] = ±2Mv2FS± ± 2t exp (±iR ·Q)Sz; (10)
Hmδij := Hmij ,
with the momentum space representations for the SU(2) gen-
erators,
S± = σ±, Sz =
1
2
σz, (11)
3ensuring representation of SAM. Eq. 10 restates that in ab-
sence of hopping, the SU(2) symmetry is exact for the sys-
tem. For t 6= 0, deviation from this symmetry is manifested
through extensions local in the momentum space, following
non-locality of hopping in the coordinate space, hence yield-
ing a ‘quantum’ algebra. The relations in Eq. 10 are valid for
graphene at all energies.
At low energies, near the Dirac points with Q ≡ K, the
K-space Hamiltonian of Eq. 9 reduces to the massive Dirac
form [5]:
HD = vFσ · p+ σzMv2F ; (12)
p = Q−K, p · ai → 0,
which is similar to Eq. 1 with appropriate identifications. This
leads to the final identification of the operator Sz as the LS,
through the result,
[HD, Lz] = −ivF (σ × k)z , (13)
with the ‘diagonal’ projection of the OAM, Lz = r×p, leav-
ing the total angular momentum projection Jz = Lz+Sz con-
served [14]. Given the mass-spin correspondence of the effec-
tive theory [24], the LS can be identified as that of the Dirac
fermion (M/2|M |), reflected by the corresponding Pauli-
Lubanski pseudo-scalar W := kµJµ ≡ −Mv2Fσz/2 [25].
Therefore, it is clear that SAM arises from the net spin
(staggered magnetization) of fundamental electrons, whereas
the OAM is a result of non-local hopping contribution. The
latter correspondence further makes sense, owing to its ‘local-
ity’ in the K-space. In presence of relative sub-lattice defor-
mations u(r), the resultant U(1) gauge coupling [16] further
enhances the resolution between SAM and OAM. As a result,
the canonical momentum p generalizes to the covariant one
Π = p − gv2Fa, with a ∝ u(r) being the effective Abelian
gauge field, having coupling strength g. Such a system will
have ‘generalized’ OAM [1],
L¯z = r×Π = ǫijriΠj . (14)
The corresponding expression for planar SAM remains un-
changed as [1],
Sz = −1
2
ǫijΣij , Σij =
i
2
[σi, σj ] = −ǫijkσk, (15)
yielding Sz = σz/2 as before. This is expected as the LS
manifests the net fundamental spin of the hexagonal array,
which is independent of the geometry of the system. However,
the orbital part owes to the hopping term which gets effected
by relative lattice displacements, which are interpreted as the
U(1) gauge field. Thus, the OAM is changed in the present
case.
As the LS of the emergent Dirac fermions are shown to
be the direct implementation of physical spins of the system, it
can couple to external electromagnetic fields, and to external
magnetic fields to be specific. However, the spatial dynamics
of this emergent fermion is due to the hopping term, yield-
ing free dispersion. Therefore, provided the long-wavelength
approximation is still valid to stay confined to the Dirac cone,
external magnetic influence can be used for controlled dynam-
ics of the Dirac fermion. The effective Hamiltonian will have
the usual low-energy form [1],
Hmag ≈ vFσ · p+ σzMv2F +
g
M
B⊥ (Lz + 2Sz) , (16)
with the last term representing magnetic interaction, with the
component B⊥ normal to the system plane. This is in con-
formity to the recently proposed excitonic spin transport in
similar systems [26].
In summary, the LS of the emergent Dirac fermion in
graphitic systems arises from fundamental electron spins in
the hexagonal lattice. The inherent SU(2) algebra establishes
this origin of the LS, not stated until now. The presence of
the gap in the Dirac spectrum is essential for the existence
of the same, while the hopping term, responsible for the linear
dispersion, breaks the SU(2) symmetry, allowing for an OAM
to yield a total angular momentum. This distinction is further
preserved in the presence of U(1) interaction, both emergent
and external, the latter allowing for possible Zeeman coupling.
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